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Shock-wave formation in Rosenau’s extended hydrodynamics
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We study the extended hydrodynamics proposed by Rod@&tais. Rev. A40, 7193(1989] in the context
of a regularization of the Chapman-Enskog expansion. We are able to prove that shock waves appear in finite
time in Rosenau’s extended Burgers equation, and we discuss the physical implications of this fact and its
connection with a possible extension of hydrodynamics to the short-wavelength domain.
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The Boltzmann equation is one of the most fundamental
equations in nonequilibrium statistical mechanics. This equa- 1-7 1+Z2+2+ -, 3
tion describes the dynamics of a rarefied gas, taking into
account two basic processes: the free flight of the particlewherez is a complex number the modulus of which fullfills
and their collisions. Due to the difficulties that a direct treat-|Z <1. Assuming thak is small enough and taking into ac-
ment of this equation implies, a reduced description of thecount the power serig8) suggests that we can recast expan-
Boltzmann equation is one of the major problems in kineticsion (2) into the form

theory. The equations of hydrodynamics constitute a closed V2
set of equations for the three hydrodynamic fields: local den- ’“—2\/, (4)
sity, local velocity, and local temperature. These equations 1-énry

can be derived from the Boltzmann equation by performingyherem?= 4,/ 0, and this operator is to be interpreted in the
the Chapman-Enskog expansiph]. This expansion is a rqurier transform sense:

power series expansion in the Knudsen number, which is the 5 . 5
ratio of the free mean path between the macroscopic length. ( A% v> _ ekt (5)
The first order of the expansion yields Euler equations, while 1 - é€mV?

= V.
1+ emk?

the second order yields Navier-Stokes equations which in the . - .

case of an incompressible fluid read This idea was originally proposed in the context of random

walk theory[3] and has been used within this context in later

v+ (V- VIV==Vp+uV?y, works[4].
While this regularization of the Chapman-Enskog expan-
V.v=0, (1) sion seems to be a proper extension of hydrodynamics in the

where u represents the viscosity of the fluid and is of thelmea.r r(_ag|me[2], Its effeqt on the full nonhnegr hy.dr_ody_—
order of the Knudsen number. The next order in thel@micsis not so clear. This is due to the analytical difficulties

Chapman-Enskog expansion yields the Bumett equations Jpat a mathematical treatment of the Navier-Stokes equations

hydrodynamics which are, unfortunately, invalid. To see this'mply' However, it is u_seful to study some to_y mod_els to win
more clearly consider the viscous part of the Chapmanfjl deeper understandmg .Of hydrodynamics; to this e.nd was
Enskog expansion: developed a one-dimensional model for hydrodynamics: the

Burgers equation
(VAN + Eu Vv + --), (2

where u=eug and e is the Knudsen number. Burnett order
implies the presence of a biharmonic term proportional4o
which causes an unphysical increase in the number of boun
ary conditions and rends the equilibrium unstable, amon
other undesirable effects. While the Navier-Stokes equation ) .

pf this work is devoted to prove the appearence of shock

give very accurate results in many domains, they usually fai in finite time in R : larized B
when applied to predict the short-wavelength properties of. aves In finite ime In Rosenau's reguiarized surgers equa-
tion and to analyze the physical implications of this fact.

the fluid, like, for instance, the propagation of ultrasounds R ; ded B : d
within the fluid. This makes it very useful to develop a osenau’s extended Burgers equation reads

higher-order description of the fluid, while the Burnett order ”

has proven itself less accurate than the Navier-Stokes order. U+ UdU = u 1-& azu’ (7)
This problem was partially solved by Rosenau in his influ- X

encing article of 19892]. The idea was to regularize the where we have set, without loss of generaljty/ uo=1. To
Chapman-Enskog expansion using a very original compariprove shock-wave formation we will exploit the analogy be-
son. First consider the power series expansion tween the viscous Burgers equatidtie inviscid Burgers

AU+ Uau = pdlu. (6)

In the same spirit, Rosenau considered a regularized Burgers
ae_quation, arguing that an understanding of this model would
larify the effect of the regularization of the Chapman-
nskog expansion on the nonlinear hydrodynamics. The rest
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equation is obtained just by setting=0) and the Keller- &~ 1 P N ol
: v =—|—>v = =25 |[V||L2 )
Segel systenf5]: 1-E2" | 2 CP|1-R" |2y €2
dv = ,u,(?iv + d,(VIW), (8) (16)
, whereN=|dZ(1-#)™. Let us clarify a bit this last step. We
FW=-v. (9 have used the fact that the opera¥¥1-V?)~! is bounded

. . p i i
Note that we recover the viscous Burgers equation per® €VeryL® space, with kxp<ce. This means that we can

forming the substitutioru=a,w in the system(8) and (9).  aSSUré thaf| V(1 -V?) Loy <NlfllLe(0) for every f be-
Consider now the following modified Keller-Segel system: 10nging toLP(Q2) and a constarfil that does not depend dn
(and thusN is called the norm of the operajoiThis fact can

(95 be easily seen once one realizes that the Fourier transform of
0w = pu—5 50 + K(vdw), (10)  the operatov3(1-V?)is a bounded function of the wave
1-é% . :
vector, and a rigorous proof can be found in Réf. We can
again shift variables=ey to get
é’)z(W =-v (11) 2
o—2_dx= Dol (17)
We can recover Rosenau’s extended Burgers equation by per- 0 1- 62(95 L S (O}

forming again the substitution=4,w in this last system. We

will consider homogeneous Dirichlet boundary conditionsFinally, we can conclude our estimate as follows:

v]s0=W|,n=0, whereQ is the closed interval)=[-L,L].
From the systen10) and(11) we get

2

27

X

1d 2 f f
——|lv (-t = dx=
2 dt”v( )|||_2(Q) 0 VU M o v 1-

- f vAWAVAX+ f oidx. (12
QO QO

vdx

N, 2
== e_2||v||L2(Q)'

f By o f %4
Qvl—ezﬁiv X= Qvl—ezﬁiv X
(18)

Now we are going to estimate the third term in E42):

,fg v¥dx= HUHES(Q)- (19

Now, we are going to estimate all the terms appearing on the

right-hand side of this equation.

Holder’s inequality readsfor a rigorous proof of Hdlder's

Integrating by parts the second term on the right-handnequality sed7])

side of Eq.(12),

f vIWAVAdX= vzﬂXWL;Q—J &Xvavadx—f v&indX,
Q Q Q
(13)

which implies

1 1
f vIWdwdx=— —f v2wdx= —f v3dx.
0 2)q 2)q

The first term on the right-hand side of E(l2) can be
estimated as follows:

(14)

| z ax=| | % v
Qvl_ézaiv)(\ Qvl—ezﬁivx
\L

X 1_62831;

* sv | AX< o]l 20

v
1-éE%
(92

(15)

L2Q)

where we have used Hélder’s inequalityee below. By
performing the shift of variableg=x/e, we get

L tgldx < llsoldhac.
)

l<pg=x, _—+-=1 (20

Choosingg=1 we get
| tiox=Glflua e

Q

whereC=|Q|Y4. With this estimate we can claim that
2 (1/p)
||U|||_2(n): Jﬂvde$ Cllv?py=C f v2Pdx

Q
(213 5
:C< f v3dx) = Cllollsq)» (22
Q

where we have chosegp=3/2 (and correspondingly=3).
This implies that
[vlla@) = Dllvll2q), (23

whereD=|Q|™Y6. Therefore, we have the final estimate
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d 5 discontinuity in the flow appeaksin contrast to the viscous

dt B||v||L2(Q)' (24) Burgers equation and analogously to the inviscid Burgers
equationdw=-vdw [7]. The inviscid Burgers equation is a

whereA,B>0 are constant#y=|Q2| ¥4 andB=2Nu/e’. We  one-dimensional model for the Euler equations, while the

2 2
ol 20y = A(||v||L2(Q))(3/2) -

are thus going to study the dynamical system viscous Burgers equation simulates the Navier-Stokes equa-
dx tions. This suggests that the regularizating procedure implies
a =Ax2-Bx. (25) a return to a lower order in the Chapman-Enskog expansion.

It was already argued by Rosenau that this kind of regu-
This system has two fixed points=0 andx=(B/A)2>0. A !arizatiqn of the .Chapmgn-EnsIgog expansion' was only valid
linear stability analysis reveals that the positive fixed point is" the linear regime, while nonlinear terms might be present
linearly unstable, meaning that every initial conditig " the full nonlinear hydrodynamics. These terms are ex-
> (B/A)2 will stay above this value for all times. Further, we PECted to have a deep impact on the dynamics of the fluid,
know that the solution will grow without bound in this case, the reason b_emg as fOHOW.S' Whet.her. or not th_e N_awer-
so we can claim the existence of two constats = and Stokes equations become singular in finite time is still un-

0<Co<A, such thatAx¥?(t)-Bx(t) > Ce/(t) for everyt :<own and it ifhactu?_lly onV(?/ r?f t'[he most imlt)jortant o?efn prob-
~t,. This implies that ems in mathematics. at one would expect from a

physical point of view is that these possible divergences
d, o 2 @2 smooth out if we look closer to the fluid, taking into account
d_t”U”Lz(ﬂ)>CO(”U”LZm)) (26) higher-order terms in dcomplete regularized Chapman-
Enskog expansion. What we have seen in this work is that
for t>t, and for an adequate initial condition. Solving this the linear regularized theory is able to convert a smooth so-

equation gives: lution into a singular one, so one would expect that a regu-
1 larized Navier-Stokes equation of the form
2
”U( -t)|||_2(9) > C (27) V2
\/llv(-,tl)ll_z1 - Gv+ (V- VIV==Vp+u——"55v,
L@ 2 1-mPev?
for t>1t, >ty and for an adequate initial condition. And every
adequate initial condition must fullfil V.v=0 (29
) 4N? 2 4N is less regular than the original Navier-Stokes equation. We
lo(-, 020, > 2 Q[+ 2 (-, 0|20 expect the presence of these nonlinear terms to regularize

enough this equation that one would be able to prove global
+ i”v(_ 0)”2 (29) existence in time of the solution and this way give a precise
Q" L)’ physical meaning to the possible divergences arising in the
. ) original Navier-Stokes equation.
like, for instance, v(x,0)=(x?+8) Y4-(L2+6)V* and &
small enough. Thus we are finally led to conclude that the The author gratefully acknowledges illuminating discus-
system does blow up in finite time. If we recover—du, sions with Antonio Cérdoba, Diego Cérdoba, and Francisco
we see that the first spatial derivative obecomes singular Gancedo. This work has been partially supported by the Min-
in finite time. This means that the solution to @) devel- isterio de Ciencia y Tecnologi&@pain through Project No.

ops a shock wave in finite timéor what is the same, a BFM2001-0291 and by UNED.
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